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Coplanar-Waveguide Dispersion Characteristics
Including Anisotropic Substrates

Chung Jen HsuMember, IEEE

Abstract—An efficient iterative method, based on potential help of an iteration technique that is a modified version of the
theory, is developed to solve coplanar-waveguide (CPW) dis- gne in [8].
persion characteristics. In this method, a conformal mapping
technique is used to derive the new general expressions for the
charge and current sources applicable to both microstrip lines Il. DERIVATION OF SOURCE EXPRESSIONS
and CPWs. Excellent accuracy for the dispersion results obtained A cp\w to be characterized is shown in Fig. 1(a) and contains
by this method is observed. . ) . .
two ground planes on each side of the central strip. Obviously,
Index Terms—Anisotropic substrates, conformal mapping, the expressions for the Green’s functions have the same forms
coplanar waveguide, dispersion, microstrip lines. as those obtained for MSs.
To derive the accurate expressions for the sources, let us con-
l. INTRODUCTION sider the geometries shown in Fig. 1(b) and (c) and assume that

. . the coordinates in th&-plane are transformed to those in the
A COPLANAR waveguide (CPW), consisting of a con, _plane by

ductor centered between two ground planes with all )
on the same plane surface, permits easy shunt connection of 7 = _Dod¢ =Dysin~'¢ + D, 1)
external elements in the hybrid and monolithic microwave V1-¢2

integrated circuits. Due to the many advantages over microstjjpere D, = (2a/7) andD; = 0. Note thatw in the Z-plane
line (MS), CPWs are popularly used as the passive elemep{gonverted tar, = sin(nw/2a) in the ¢-plane, v + s) is to

in microwave design. Therefore, they naturally attract many, — sin[r(w + s)/2a], anda is to 1.

researchers to investigate their dispersion characteristics. Now take into account the conformal mapping by which

Most of the early papers proposing methods to find CPWg. 1(c) is transformed to Fig. 1(d), which is
dispersion characteristics tackled the structure without any en-

closure [1]-[3]. Some authors worked out this problem in thew = / o2 d¢ = / dA

spectral domain by formulating the electric-field components Vol —&/o3 - ¢ V1= AV1-k2\2
in terms of a superposition of TE and TM modes and USirWhere @
very few basis functions for the field components [4], [5]. Al- )

though the parasitic effects that occur when coplanar lines are A= £ — M

conductor-backed and/or shielded were discussed and evaluated o1 sin(mw/2a)

from a quantitative point-of-view in [6], the simple analyticahnd )

formulas obtained for the dispersive parameters by quasi-static K2 — ff_f _ sin”(mw/2a)

analysis are still questionable for higher frequencies. In [7], a o3 sin’[r(w+s)/2a]

full-wave analysis of CPW dispersions utilizing the time-doyote that the point; in the ¢-plane is transformed t& in
main finite-difference method was presented. However, in thige W-plane ando, to K + jK’, whereK and K’ are the

approach, the reflections from the artificial walls must be minfyst. and second-kind complete elliptic integrals, respectively,
mized because Fourier transforms are very sensitive to the erges-sjculated by
caused by the reflected waves from these boundaries.

1
In this paper, an efficient iterative novel method based on po- K= / dA (3a)
tential theory is presented to characterize CPW dispersions. As 0o V1I-A2y/1-Kk2N2
afirst step, we utilize conformal mapping to derive the new gen- (1/k) d\
eral expressions for the charge and current on the central strip K = / . (3b)
1 V1= 22y/1—k2)2

and ground planes that are valid in the low-frequency limit. To _ _ _ A
account for high-frequency effects, more terms are included. WeSince there is a singular expression existing in the Green's
then formulate the potential equations from which the propagiinctions when the source and field points coincide, as shown

tion constant and characteristic impedance are solved with #fore in earlier papers, such as in [8], it is necessary to extract
this first and formulate the dominant part of the integral equa-

tions in closed form.
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where it is chosen that

) = {Bne‘““(y‘y')y >y

" x Ih?%pfathwwmtbtﬁytfi‘@%”m iy = b and Sohing for

e

A, cosh(u,y)y <y’

“W-s  -W WS

a o>
Gi(x, 0; x',0) = n;g n_27r cos(upx)cos(uyx’)  (6)
(a) where thisG; is evaluated ay =y’ = 0.
A Z plane y In the transform domain, we must work out the Green'’s func-
tion for G2 by solving
82 82
W-§ W W Wts . <au2 v 2) Gy = 6(11 — u’) 6(V — V/) @)
-a a with the accompanying boundary conditiaid®=. /0u) = 0 at

u ==K, (0G,/8v) =0atv =0,andG; =0 atv = K'.
Using the similar procedures to the above, we obtain, as eval-

(b)
n uatedat = v =0
K 1
¢ plane Ga(u, 0; v/, 0) = ® HZQ o cos(ayu)
-cos(apu’) tanh(o, K')  (8)
6: 01| Or G 5 wherea,, = n7/K.
-1 1 Although one may note that we select different boundary con-

ditions for the two Green’s functions, our inference is founded
on the following identity when there are no volume sources:

o o= ff|o5e —aot] as, ©

which, in this problem, makes us have
’ W plane
K
G100 a8+ §Gipom dSo]
. 17
-K K = — Ggpocg dSO (10)

€0

wherec denotes the source on the central strip astiands for
the ground planes.
@ Therefore, it gives the static approximation for the current
on the central strip, after we formulate the equation for scalar
Fig. 1. (a) Shielded CPW (SCPW). (b) Simplified SCPW outline. (cpotential in the transform domain and set it equal to a constant

Transformed configuration of Fig. 1(b) by (1). (d) Transformed configuratiogn/
of Fig. 1(c) by (2). Q , namely,
dx’
N / Gopoc X (W) S5 du' = Q. (D)
From the geometry, the Green'’s functiGh satisfies du
92 92 To ensure that the integration over the rafg&, K] is a
<@ T3 2) G = —6(x =x)é(y —v") (4)  constant, we choose to sej.[x’(u')](dx’ /du’) = a constant
with these boundary condition&; = 0 at x = +a, or
(0G./dy) = 0aty = 0,andG; = 0 aty = oc. (x )——Q /—EQ
A reasonable choice of the form f&; is PociX dx’ ~ K’ dz -’
Z ) cos(upx) (5a) Hence, we have (12), shown at the bottom of the next page.
Ry » Note that the current expression is chosen accordingly and

that when we seftw + s) equal toa, the structure becomes mi-
crostrip and (12) is reduced to the first term in [10, eq. (2.29a)]
for microstrip if we further assume that> w. Hence, ifa is

not much larger tham in microstrip, it is suggested that the re-
duced form of (12) with Chebyshev polynomials in the numer-

whereu,, is n7/2a.
Following the same steps as those in [10], we have

2
<%+u> n(y) = —cos(uax) 6(y —y")  (5b)
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ator instead of [10, eq. (2.29)] must be used to achieve great%{omr = 1o {/ / G(x, 2; X', ') oxor(X')
accuracy. oo Jew

Since we must include more terms to account for high-fre- e 957 dx’ dg/
guency effects, we attach some complete functions, like Cheby- oo ra
shev polynomials in microstrip, to the form of (12). Here, we +/ Gy (x, 2; X', 2')Toxgr (X)
choose the Fourier series in the transform domain as follows: Too Jws
x’ -e 37 dx’ dz’

ﬁoc(u/) = Poc [X/(u/)] d 7 B —(w+s) ;L ,
du’ [ Gl m X )
dx —oo J—a
= Poc N— = ci i ! 13
Poc(W) 77 ; Qoi cos(asu’)  (13) o3 gyl dz’}
where the subscript denotes the central stripang (ir/K). K
These general expressions are applicable to botha CPWand = Gu(x, 2 X! z’)j (')
MS. Therefore, we also use them to obtain the dispersion char- ~ *° | [ _ |, <% % % oxer
acteristics for a microstrip, which will be shown later. Besides, 388 4ot A
the expressions for the sources on the ground planes have the e d‘deZ
same form as those on the central strip in the transform domain, _/ / Gx(x, 2; X, Z)J oxar()
. X\ Ly Kgy oxgr
except that the subscriptis replaced by. —oo JKa

o I / /
ce %% du’ dz

oo —-K, -
- / /K Gx(xa Z; x/ga Z/)Joxgr(u/)

I1l. CALCULATION OF THE INTEGRALS FORPOTENTIALS
Since the ground planes must always be taken into account

for a CPW, the transverse current is included and expressed in 587 4t g
terms of the longitudinal current and the charge by the conti- e du'dz (14b)
nuity equations. With these source expressions, we can formu-
late the potential equations in both the original domain and the
transform domain as follows:
o wW 1 o wW
Aozr =} |:/ / GZ(X7 Z; le Z/)Jozcr(xl) ¢0 = E_ |:/ / G(X7 Z; xlv Z/)pOC(x/)
oo S —w 0 —oo J—w
e dx' dz’ e % ax’ dz’
+/ G.(x, 2; X, 2')J e (X)) +/ N G(x, 2; X', 2')pog(x)
—o0 JwHs —o0 JW+s
.e 307 4x’ dz’ ce 3% Qx’ Az
oo —(w+s) 00 —(w+s) . ,
+/ / G,(x, z; X', 2')J opgr(X') —|—/ / G(x, 2; X', 2')pog(x’)
B e—j,@z’ dX/ dZ/:| . e—j,@z’dx/dzl:|
g K I 1 = K ! A4 !
o | [ [ Gul 3 K ) o) - G(x, 7 X%, 2')oc(W)
—o J—K —oo v —K
e 387 qu d7 e qu’ d7
o0 K N [e9) K
—/ / G.(x, z; x/gv Z/)Jozgr(u/) B / /K Glx, z; X/g, Z/)ﬁog(u/)
—o0 JKa —0o0 a
e 3% qu’ d7’ ce 3% qu’ dz’
[e9) —Ka - o0 —Ka
_/ / Gz(xa zZ; X/g, Z/)Jozgr(u/) - / /K G(X7 z; Xlg? Z/)ﬁog(u/)
—oo J—K —oo J —
e I%7 qy/ dz/} (14a) - eI du dzl} . (14c)
!
, sin {W(v‘;—i_ S)} 1 — sin? <K>
Q'r a a
Poc(x) (12)
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In the above integral9 and G, are the Green'’s functions For the dominant terms, the summation orés manipulated
shown in [9] and [10] K, and the evaluations of, andxg in into the same form as in [10, eq. (2.36)]. After testing, we then
terms ofu’ are, respectively, given by have overn

K K /
7(Xe — X
Yo dX t5 z—/ / In | tan 7( )
K,=K— (15a) o Jo 4a
vk VAZ—1Vk2A2 -1
|:7T(XC +x%)
2a tan | —=

4a

} | cos(czu’) cos(aju) du’ du

x, = Zsin~! [sin (Z—W) sn(u’, k)} (15b) (18a)

™ a

2a . _ 7. (TW . K K —
X} = — sin L |:SlIl (E) sn(u’ + jK’, k)} (15c) s5i = _/ / In | tan [W(Xg4 Xg)}
K. /K. a

Xg + X,
%} | cos(asu’) cos(au) du’ du

(18b)

wheresn(u’) = sin.am(u’) is one of Elliptic functions. - tan {
There is a singularity in the Green’s function, which accounts

for the dominant part, arising when the field and source points K K ,

coincide. Therefore, we can compute the integrals of the Green's ¢.. — _ / / In | tan [W(XC _ Xg)}

functions first with respect te’ to extract this term as follows: 0o JKa 4a

7(xXe + X!
- tan [%} | cos(a;u’) cos(au) du’ du
Ga(x. 2 .
(X7 ZC:OXC) (18C)
= G,(x, z; x., 2 )e 3% dz K K o
| Gulxzx ) dji:_/ / mm[M}
2 0o K. 0 4a
=< = [TF(n) — AF(n)] cos(u,x) cos(u,x) /
{a ;3 - tan g + %) | cos(ogu’) cos(au) du’ du
n s 4a J
1 < 1 .
+-= Z = cos(uyXx) Cos(unx;)} e %2 (16a) (18d)
& n=1,3 n
G(x, z; x) wheret;; = tj; ands;; = sy; are the self-testing results and
oo e c;i = dj; are the cross-testing results.
= / G(x, z; X, 2')e 77" dz For the self-testing results, only part of the terms need calcu-
i - lating numerically, while all terms for either of the cross-testing
2 . . e .
_J)= Z [TG(n) — AG(n)]cos(unx) cos(unx.) result.s must be. computed. Smpe there are smgularmgs in each
a — logarithm function for self-testing, special treatment is taken
T when we perform the integration by a numerical method.
2 1 ! —jBz
+hp— Z — cos(u,x) cos(uyx,) p e 97"
[ IV. MODIFIED ITERATION TECHNIQUE

(16b) In MSs, there is no dominant-mode transverse curdgpf

assumed on the strip since its effect is negligible for a wide

range of useful geometries. However, this is not true for CPWs,

where the parameter can bex. or xg and T'F"(n), AF(n), egpecially when the ground planes must always be taken into

TG(n), AG(n), ands, are defined in [10, App.]. consideration.

At present, calculating the remaining integration of the inte- Therefore, unlike MSs where the assumptidns,. /1o = 1

grals in the transform domain ovet after substituting (13) into andey¢, = 1 are made to execute the iteration method, we have

(14) shows that we have these results for the correction termg, yse the boundary conditions that the tangential components
of the electric fields must vanish on both the central strip and
ground planes.

K
toi :2/ cos(uy,x.,) cos(agu’) du’ (17a) By utilizing E, = —j(fc/ko)Aozr — d¢/0z = 0 and

0 E, = —j(Bc/ko)Aoxr —9¢/Ix = 0 and applying the moment
, _2/K cos(unx’, ) cos(asu’) dut’ (17b) method, we can generate a set of linear equations. Note that, in
e K. nTe o ) evaluatingA ox., [10, egs. (3.18) and (3.19)] are again taken

advantage of, and we utiliz&..(w, z) = 0 and Jxg.(w +
s, z) = 0, which are mathematically proven.
Note that these expressions are also the testing results wheS8ince there isin(u,x) in E, instead ofcos(u,,x), we per-
we apply the testing functionEf’=0 cos(agu) to the central form the incomplete integration &, over z first to facilitate
strip and ground planes. the use of the existing testing results, namely, (17). Note that
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Fig.2. (a) MS effective dielectric constant for an alumina substrate where _. . . . .
0.635 mm.a = 10 mm, ande = 10.365 mm for both cases. A—: the Fig. 3. (a) MS effective dielectric constaptforasapphwe substrate \{hhe:re
0.635 mm,a = 10 mm, andc = 10.365 mm for both cases. -A—: the

mgtg??:im [;&)Ch' 2], -o—: this paper. (b) Characteristic impedance for themethod in [10, Ch. 2], -o—: this paper. (b) Characteristic impedance for the
9. <(@). MS of Fig. 3(a).

it is also adopted in our software programs for the microstrip

gap discontinuity for the computational time-saving purpose Aftér @ convergent value of.. is found, the characteristic
and improved accuracy. impedance of CPW is computed. And, it is defined as the ratio

Similarly, using a trial value of3, the unknowns foRQ, g; of the voltage between the center of the central strip and the

andL. ; are found from this matrix. Now, the total charge anground planes to the total current flowing along the central strip.
reIativég current on the central strip are givenTay, = 2KT.o SinceA x can also be expressed in terms of Fourier series form
andQr. = 2KQ,,. so that we have (19), shown at the bottom of this page, where

A new estimate of the propagation constant can be caldior IS the totalz-directed current on the central strip,crn
lated from [10, eq. (2.37)] where,, is replaced by, = 2andpen are defined as
Qr./Itc = Qco/lco defined as effective dielectric constant
for CPW. If the new value of.. differs from the old value of

3
ecc by less than 1%, the iteration is terminated; otherwise, the it- Jern = 2 Z (Leitni + LgiSni) (20a)
eration is repeated with the fact that the latest valugt Qf; g, a 120
andL. 4; are used as the new entries in the matrix for each suc- 5 3
cessive iteration until the condition is satisfied. By this way, the Pen = — Z (Qeitni + QgiSni) (20b)
iteration converges very fast for CPW dispersion problems. a =

1 0 1 0 ¢ 607
Z; = — / —Exdx = — / <— —i—ijox) dx = ———
ITOT (w+s) ITOT (w+s) Ix y=h Kv/Le0Qco

1 + kg i Pen — Eechcrn Sinh(CnC) Sinh(Clnh) COs [un(w =+ S)] -1

nels uy [Cln sinh((,¢) cosh((inh) + &, cosh((ue) Sinh(Clnh)] uy, (19)
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Fig. 4. (a) CPW effective dielectric constant for a GaAs substrate where Fig.5. (a) CPW effective dielectric constant for an Epsilam-10 substrate where
1 mm,c =1mm, and CPW dimensions all in mm for both casesx—:[6], ¢ = 1 mm,c = 1 mm, and CPW dimensions all in millimeters for both cases.
—(QO—: this paper. (b) Characteristic impedance for the CPW of Fig. 4(a). (b) Characteristic impedance for the CPW of Fig. 5(a).

which are the coefficients associated with their Fourier serissme extent and this fact was not taken into consideration in the
expansions for the sources in the original domain, and all of theasi-static equation. Since this structure of a CPW can support

other quantities in (19) are the same as before. a perturbedl'E;, rectangular waveguide mode, this phenom-
enon results in a limitation for the width of the dielectric-loaded
V. RESULTS waveguide; namely, the value of

. . The CPW di ion data f GaAs substrat ing the di-
Many ways are used to verify the validity of our method © Ispersion data for a S substrate using mhe di

. . ! ; électric constant = 12.9 are shown in Fig. 4(a) and (b). The
First of all, our results obtained in the transformed domalnfrom]es with circle marks are our results and the other lines with

the general expressions for the sources are checked again bt . i
those by the method in [10, Ch. 2] for MS dispersions includir?érégsmarks are those by the quasi-static equation. We use an Ep

: . : . Ylam-10 substrate as an example to obtain the CPW dispersion
amsotroplc.substrafce.s. Since t.he.method in [10, Ch. 2] w gta, with anisotropic substrates, as shown in Fig. 5(a) and (b).
developed in thg ongma}l domain, it produces aIm_ost the sa e substrate has anisotropic dielectric constant with 13
results as those in [8], discussed and compared with a lot of dr,, = 10.3. In all four figures, our results with both isotropic

results shown by many other authors. and anisotropic substrates show a slight increase for effective

we compute_ the MS dispersion datz?\ shoyvn n F'g' 2(a) aIaﬁjelectric constants with frequency and a very slight decrease
(b) for an alumina substrate whose typical dielectric constan

) ) ) ) bt characteristic impedances against frequency. Note that only
quoted as 9.7. Fig, 3(a)_and (b) gives the MS dlsperS|on data halving the dimensions of the CPW, the data discussed in
a sapphire substrate with= 9.4 andx, = 11.6. All the lines

. . . . this paper can be used to cover the frequency range from 0 to
in these four figures with diamond marks are our results by tq?; GpHE ! v quency rang

method in [10, Ch. 2] and the other lines with triangular marks
are our results by the method in this paper.

In addition, we examine the results produced by this method
for CPW dispersions against those that were given by the quasiin this paper, we have presented an efficient and accurate
static approximation equation in [6]. This equation was derivatbvel method, founded on potential theory, to treat CPW dis-
by assuming that the semi-infinite ground planes on each siglersion characteristics with the help of an iteration approach.
of the central strip, which, as mentioned above, contradicts tlrethe method, a conformal mapping technique is used to ob-
real structures usually encountered. Also, we find that the fain the new general expressions for the sources that can be also
nite widths of the ground planes do influence the dispersionsdpplied to MSs. The data produced by this method shows rela-

VI. CONCLUSION



368 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 49, NO. 2, FEBRUARY 2001

tively good accuracy for both CPWs and MSs having isotropig10] C. J. Hsu, “Microstrip discontinuities and coplanar waveguide disper-
and anisotropic substrates. The CPU time to obtain eleven sets sions and discontinuities including anisotropic substrates,” Ph.D. disser-

. . tation, Dept. Elect. Eng., Case Western Reserve University, Cleveland,
of data is 47 s on a Sun IPC workstation. We are currently ex- 5y 1994

tending the novel method to treat finlines including anisotropic

substrates.
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